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April 13, 2025

{- Agda formalization of the denotational semantics of Scheme R5
Based on a plain text copy of §7.2 in [R5RS]

[R5RS]: https://standards.scheme.org/official/rbrs.pdf
-}

module Scheme.All where

import Scheme.Domain-Notation
import Scheme.Abstract-Syntax
import Scheme.Domain-Equations
import Scheme.Auxiliary-Functions
import Scheme.Semantic-Functions



module Scheme.Domain-Notation where

open import Relation.Binary.PropositionalEquality. Core
using (_=_; refl) public

-- Agda requires Predomain and Domain to be sorts

Predomain = Set

Domain = Set
variable
P Q : Predomain
D E : Domain
-- Domains are pointed
postulate
1 : {D : Domain} — D
strict : {D E: Domain} — (D — E) — (D — E)
-- Properties
strict-L : V{DE} = (f: D—E)—
strictf L= 1

-- Fixed points of endofunctions on function domains

postulate
fix :V{D: Domain} — (D — D) = D
-- Properties
fix-fix :v{D}(f: D—D)—

fix f = f (fix f)
fixapp :V{PD}(f: (P—=D)—(P—=D))(p: P)—
fixfp=f(fixf)p

-- Lifted domains

postulate
L : Predomain — Domain
n :V{P}—-P—=LP
K .V {P} {D : Domain} — (P — D) — (LP — D)
-- Properties

elim-*n : V{PD}(f: P> D) (p: P) =
(F%) (np)=fp

elim*-1:vV{PD}(f: P> D) —
fFHoi=1



-- Flat domains

_ 41 : Set — Domain
S+1L=LS

-- Lifted operations on N

open import Agda.Builtin.Nat

using (_==_; <_) public
open import Data.Nat.Base

using (N; suc; NonZero; pred) public
open import Data.Bool.Base

using (Bool) public

-- v ==1 n : Bool +L

_==1 :N4+1—-+N-— Bool+1
v==ln=(Am—=n(m==n))#)y

-- vy >=1 n : Bool +L

~>=1 :N+41 - N-— Bool+1
v>=in=(Am—=n(n<m)) v

-- Products
-- Products of (pre)domains are Cartesian

open import Data.Product.Base
using (_x_; , )renaming (proj; to _|1; proj, to _|2) public

- (pl s e, Pn) : Ppox ... x Py (n > 2)
-- _41 : Py x Pp # Py
-- 42 : Py x Pp # P

-- Sum domains

-- Disjoint unions of (pre)domains are unpointed predomains
-- Lifted disjoint unions of domains are separated sum domains

open import Data.Sum.Base
using (inj; injz) renaming (_w_to _+ ;[ _, ] to[_, ]) public

--inj; : Py = P; + Py
-- injp : Pp = Py + P
- [f ,£,]1: @ »P)~+» (Py~+P) (P +Py) =P



-- Finite sequences

open import Data.Vec.Recursive

using (_ " _; []) public
open import Agda.Builtin.Sigma

using (X)

-- Sequence predomains
-——P~"n =Px ... xP (n>0)
--PY =®-0 + ...+ (P "n)+ ...
-~ (@, py s --. , pn) : PV

*/ - Predomain — Predomain

PY=XN(P" )

- # P*¥ : N

# V{P} P 5N

# (n, )=n

i V{P} =P —=P¥ S P¥

p (0 .ps)=(1.,p)

p:’ (sucn ,ps)=(suc(sucn),p,ps)

YV v{P}—-P* = (n:N)— .{{ :NonZeron}} -LP

(1 p) U1 =np

(suc (sucn), p,ps) |’ 1 =np

(suc (sucn), p,ps) | suc(suci)=(sucn,ps)| suci
(_ )V =1

P V{P} =P = (n:N)— {{ :NonZeron}} -L(P*)
(1 p) 11 =7(0,[])

(suc (sucn),p,ps)t' 1 =7 (sucn, ps)

(suc (sucn), p,ps)t suc(suci) =(sucn, ps)t suci
(_ )t =1

¥ V{P}=PY=PYPY

(0 ) §p=pY

(1 p)  §pU=p:'p”

(suc (sucn),p,ps)§ p”" =p: ((sucn,ps)§ p*)

-- Sequence domains
——-D*=L(MD~0)+ ...+ (D" ~n)+...)

_* : Domain — Domain
D*=L((EN(D "))

- D"
():v{D}—D*
(=n(0.1)

-—-{d;, ... ,dp > : D"

( y:V{nD}—>D"sucn—D"*

( Y{n=n}ds=n(sucn,ds)



- #D " : N +L

#:V{D}—-D* > N+4+1
#d = ((Ap” —n# p) ") d

- d" §dp :D"

§ :v{D}—>D*—-D*—>D*
d*l §d*2 — ((/1 p*,l N ((/l p*/2 =7 (p*ll §/ P*IZ)) ﬂ) d*z) ﬁ) d*l

open import Function
using (id; o ) public

—d"d+k:D (k>1; k <#d")

l v{D}—=D*—=(n:N)— {{ :NonZeron}} =D
d"Ln=(d®) (((1p” = p” ' n)¥)d)

—d tk:D* (k=1

t :v{D}—=D*—= (n:N)— {{_ :NonZeron}} -D*
d"tn=(id#) ((1p" —=n (p* 1 n))#)d")

-- McCarthy conditional
--t —d; ,dp : D (t : Bool +L ; dy, dp : D)

open import Data.Bool.Base
using (Bool; true; false; if then else ) public

postulate
~—> , :{D:Domain} - Bool+L —D—D—D
-- Properties

true-cond  : V{D} {dy dy: D} — (true —d; ,dz) =d;
false-cond :V{D}{d|dy: D} — (nfalse — d;, d2) =d,
bottom-cond : ¥ {D} {d; d,: D} — (L —d; , d5) =1

-- Meta-Strings

open import Data.String.Base
using (String) public



module Scheme.Abstract-Syntax where
open import Scheme.Domain-Notation using (_*’)

-- 7.2.1. Abstract syntax

postulate Con: Set -- constants, including quotations
postulate lde : Set -- identifiers (variables)

data Exp : Set -- expressions

Com = Exp -- commands

data Exp where

- K
-1

con : Con — Exp
ide . Ide — Exp
( o ) - Exp — Exp ¥’ — Exp
(lambday( ) o ) :lde* — Com* — Exp — Exp
(lambday( - ) « ) :lde* — lde — Com* — Exp — Exp --
(lambda o o ) : Ide — Com ** — Exp — Exp
(if o ) - Exp — Exp — Exp — Exp
(if w ) - Exp — Exp — Exp
(set! « ) . lde — Exp — Exp
variable
K : Con
I :lde
I* : lde®
E : Exp
E*: Exp™
I' : Com
r“: Com*®

(Eg E¥)

(lambda (I*') T Ey)
(lambda (I*.I) I'*' Egy)
(lambda I I Eg)

(if Eg Eq Ez)

(if Ey E;)

(set! I E)



module Scheme.Domain-Equations where

open import Scheme.Domain-Notation
open import Scheme.Abstract-Syntax

using (Ide)

-- 7.2.2. Domain equations

-- Domain definitions

postulate Loc: Set

L

N

T
postulate Q
postulate H
postulate R
Ep

Ev

Es

data Misc
M

X

= Loc+1L --
=N+1L .
= Bool +.L --
Domain -
Domain -
Domain --
=(LxLxT)--
=(L*xT) --
=(L*xT) --

locations
natural numbers
booleans
symbols
characters
numbers

pairs

vectors

strings

Set where  false true null undefined unspecified

= Misc +.L -
= String +1.  --

-- Domain isomorphisms

open import Function

using (_ e

postulate
F

>X0O0Ccoum

) public

Domain --
Domain -
Domain -
Domain --
Domain -
Domain -
Domain -

postulate instance

iso-F
iso-E
iso-S
iso-U
iso-C
iso-K

open Function.Inverse {{ ... }}
renaming (to to > ; from to <) public

-- iso-D

miscellaneous
errors

procedure values
expressed values

stores

environments

command continuations
expression continuations
answers

: D < D declares » : D+ D and « : D' = D

- Misc



variable

a L
o L*
v : N
u M
¢ : F
e ' E
e E”
o :S
p U
g :C
k K
pattern
inj-Ep ep = injz (inja (inja (inj; ep)))
pattern

inj-M g = inja (inja (inj2 (inj2 (inj2 (inj2 (inji 1))))))
pattern
inj-F ¢ =inja (inj2 (inj2 (inj2 (inj2 (inj2 (inj2 ¢))))))

_eF : E— Bool +1

eeF =((A{(inj-F ) —ntrue; —npfalse})*) (>e€)
F " E—>F

e|F =((A{(n-Fg)=o;_ =1L} (e)
€L :L(L+ X)— Bool +1

€L =[(1 _ —ntrue), (1 _ — nfalse)]*
L L(L+X)—L

L =[id, (2 _—1)]*

__Ep-in-E Ep—E

ep Ep-in-E = < (n (inj-Ep ep))

_F-in-E FE

¢ F-in-E =< (n (inj-F ¢))

unspecified-in-E : E
unspecified-in-E = < ( (inj-M (1 unspecified)))



module Scheme.Auxiliary-Functions where

open import Scheme.Domain-Notation
open import Scheme.Domain-Equations
open import Scheme.Abstract-Syntax using (Ide)

open import Data.Nat.Base
using (NonZero; pred) public

-- 7.2.4. Auxiliary functions

postulate ==! :lde — Ide — Bool
[/ ]:U=L—=lde—U
pla/1]=<21 =ifl=="I'thenaelsesp I’

lookup : U — Ide — L
lookup=Apl—=vpl

extends: U —Ilde™” - L*— U
extends = fix A extends’ —
Apl” a* —
n(# 1”==0)—p,
(((@Al=ar —

extends’ (p [(a* L 1) /1] ¥ (a* 1 1)) #)

) #) 1)
postulate
wrong : String — C
-- wrong : X #+ C -- implementation-dependent

send: E—+ K —C
send=1ek—>k(€)

single: (E—C)— K
single =
Ay =<l —
(#e==11)—y(el1),

wrong "wrong number of return values"

postulate
new: S — L (L+ X)

--new : S + (L + {error}) -- implementation-dependent

hold: L - K—C
hold=2akx—<lo—»>(send (>0 all)k) o

-- assign : L2 E-»C -2 C
-- assign =1 a € § 0 »+ 0 (update @ € o)
-- forward reference to update



postulate
==L LoL->T

-- RBRS and [Stoy] explain _[_/_] only in connection with environments
[/ V:S—H(ExT)—-L—=S

oclz/a] =<1ad = (a==tad)—>z,r0d

update: L —-E—S — S
update=Adaeoc — o [(e,ntrue) /a]

assign: L—-E—-C—C
assign=Ada el — <o — >0 (update @ € o)

tievals: (L* - C) - E*—=C
tievals = fix A tievals’ —
Ay et —<lo—
(#e==10)—>(y ()0,
((new o €L) —
> (tievals’ (1a* = ¢ ({(new o |L ) § a*)) (¢" 1 1))
(update (new o |L) (¢* | 1) o),
> (wrong "out of memory") o)

list: E* - K— C

-- Add declarations:
dropfirst: E* -+ N — E*
takefirst: E* = N - E*

tievalsrest: (L* - C) = E*—- N — C
tievalsrest =
Ay € v — list (dropfirst €* v)
(single (1 € — tievals ¥ ((takefirst €* v) § (€))))

dropfirst = fix A dropfirst’ —
e v —
(v==10)—>¢€",

dropfirst’ (e* 1 1) (((17 o pred) #) v)

takefirst = fix A takefirst’” —
Ae v —
(v==10)—> (),

((e L 1)8§ (takefirst’ (€" 1 1) (((n o pred) #) v)) )

truish: E—= T

-- truish = 1 € » € = false — false , true

truish = 1 € — (misc-false #) (> €) — (1 false) , (n true) where
misc-false: (Q+ H+ R+ Ep + Ev+ Es+ M + F) — L Bool

misc-false (inj-M p) = ((1 { false — n true;;  — nfalse }) #) (u)

misc-false (inj; ) =nfalse
misc-false (inj, ) =nfalse
-- Added:
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misc-undefined : (Q + H+ R+ Ep + Ev + Es + M + F) — L Bool
misc-undefined (inj-M ) = ((1 { undefined — 5 true;  — 7 false }) #) (u)
misc-undefined (inj; ) =7 false

misc-undefined (inj, ) =7 false

’

-- permute : Exp * = Exp ¥ -- implementation-dependent

-- unpermute : E ¥ 2 E * -- inverse of permute

applicate: EE* - K —= C
applicate =
lee k—
(e€F) — (> (€ |F) 12) €* «,
wrong "bad procedure"

onearg: (E-K—C)— (E* - K—=C)
onearg =
AL € k—
(e ==11)— ¢ (e L)«

wrong "wrong number of arguments"

twoarg: (E-E—-K—-C)— (E* - K— C)
twoarg =
AL € k—
(#e==12)—> (1) (e 2)«,

wrong "wrong number of arguments"
cons:E*—-K—=C

-- list : E* 2 K = C
list = fix A list” —
A€ k—
(# €* ==10) — send (< (n (inj-M (n null)))) «,
list’ (e* 1) (single (1 € — cons ( (¢* | 1), €) k))

--cons : E* 2 K=~C
cons = twoarg
A€l ek —<do—
(new o €L) —
(1o’ = (new o’ €L) —
> (send ((new o |L , new o’ |L, (7 true)) Ep-in-E) «)
(update (new o’ |L) €2 ') ,
> (wrong "out of memory") o)
(update (new o |L) €; o) ,
> (wrong "out of memory") o
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{-# OPTIONS --allow-unsolved-metas #-}
module Scheme.Semantic-Functions where

open import Scheme.Domain-Notation
open import Scheme.Abstract-Syntax
open import Scheme.Domain-Equations
open import Scheme.Auxiliary-Functions

-- 7.2.3. Semantic functions

postulate K[ ] : Con = E
E[ ] :Exp—»U—-K—=C
ET J:Exp” =U—-K—=C
Cl J:Com”—=U—=C—=C

-- Definition of K deliberately omitted.
E[conK]=21p«k—send (K[ K]) «

Elidel|=2pk—
hold (lookup p I) (single (1 € —
(misc-undefined #) (> €) —s wrong "undefined variable" ,
send € «))

-- Non-compositional:

-8 (EuE )]-=

-—- A pk~+ E permute ({ Ey » § E* ) |

- P

-- (1 € =+ ((1 € - applicate (e + 1) (¢ T 1) «)
- (unpermute €*)))

E[(EouE )] =2pk—

E[ Eo ] o (single (1 e —
ETE Jp(«ie —
applicate €g €* «)))

E[ (lambday( I* ) T*LUEy ) =2pk— <o —
(new o €L) —
> (send (< ( (new o |L),
(e k=
(e ==L # 1) —
tievals
(da" = (1p = C I ] p" (E[Eo ] p «))
(extends p I* @*))
€,
wrong "wrong number of arguments"
)
) F-in-E)
«)
(update (new o |L) unspecified-in-E o) ,
> (wrong "out of memory") o
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E[ (lambda,( I*- 1 )T*LEy )| =1pk—<do—
(new o €L) —
> (send (< ( (new o |L),
(e« —
(#e>=L# ") —
tievalsrest
(ta” = (1p" = C* [T ] p" (E[ Eo | p" )
(extends p (I"§' (1,1)) a"))

€
(n(# 1),
wrong "too few arguments"
)
) F-in-E)

«)
(update (new o |L) unspecified-in-E o) ,
> (wrong "out of memory") o

-- Non-compositional:
-- &[ (lambda I , IT* L Ey ) | = &[ (lambda ( - I ) I 4 Eg ) |

E[ (lambdal uT* LEy ) =1pk—<do —
(new o €L) —
> (send (< ( (new o |L),
(e & —
tievalsrest
(La* = (1p" =TT 1 (E[Eo 197 ¢)
(extends p (1, 1) @*))
E*
(n0))
) F-in-E)
«)
(update (new o |L) unspecified-in-E o) ,
> (wrong "out of memory") o

8[[(]ifE0uE1|_|E2 D]]=/lpk—)
E[ Eo ]| p (single (1 e —
truishe — [ E; [ p «,
E[Ex]p«))

E[(fEoLE )] =1pk—
E[ Eo ] p (single (1 e —
truishe — E[ E; | p «,
send unspecified-in-E «))

-- Here and elsewhere, any expressed value other than ‘undefined‘
-- may be used in place of ‘unspecified®.
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El (set! LE)]=2pk—
E[E] p (single (1€ —
assign (lookup p 1) € (send unspecified-in-E «)))

-~ &[] :Exp*¥ 2 U-K=C
ETO0, J=apcx—r«k

-- Cannot split on argument of non-datatype Exp ~ suc n:
-~ & sucn ,E,Es ] =2p«-=

-- & E ] p (single (1 ¢ =

-- Eln,Es ] p («€ =

-- >k (K ey > § €N

E1 E] =2pk—
E[E] o (single(1e—=rk{e)))
E*[ suc(sucn),E,Es]=1pk—
E[ E] p (single (1 eg —
Esucn,Es]p(«le —
>k ((€0)§€))))

-~ C[.] :Com* +U=C=C

c[o, J=1p6—0
C[1.T]=ap0—&E[T]p(c<le —0)
C*[ suc (sucn) , I', Is]=2p6—

E[T]p(«2e —
C*[sucn,Ts] p8)
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